Adopting our new method for matching general relativistic, ideal magnetohydrodynamics to its force-free limit, we perform the first systematic simulations of force-free pulsar magnetospheres in general relativity. We endow the neutron star with a general relativistic dipole magnetic field, model the interior with ideal magnetohydrodynamics, and adopt force-free electrodynamics in the exterior. Comparing the spin-down luminosity to its corresponding Minkowski value, we find that general relativistic effects give rise to a modest enhancement: the maximum enhancement for n = 1 polytropes is ∼ 23%. Evolving a rapidly rotating n = 0.5 polytrope we find an even greater enhancement of ∼ 35%. Using our simulation data, we derive fitting formulae for the pulsar spindown luminosity as a function of the neutron star compaction, angular speed, and dipole magnetic moment. We expect stiffer equations of state and more rapidly spinning neutron stars to lead to even larger enhancements in the spin-down luminosity. 
most studies consider the case where the NS dipole magnetic moment is aligned or anti-aligned with its angular momentum. This simple model has been successful in producing the main features of the pulsar magnetosphere of an aligned rotator: i) a near or closed zone, which corotates with the star, and in which magnetic field lines return to the stellar surface; ii) a far or open zone, which extends beyond the light-cylinder radius R LC , and in which the magnetic lines are open and extend to infinity; iii) a Y-point at the location of the light-cylinder, at which the magnetic field lines first open; and iv) an equatorial current sheet. All these features are predictions of the so-called pulsar equation [12, 13] .
The first successful numerical solution of the pulsar equation was presented in [14] , which was later followed by numerous studies [15] [16] [17] [18] [19] [20] [21] that probed the global features of an aligned rotator in flat spacetime and reinforced the global picture outlined above. These studies did not include the magnetized NS interior and modeled the effects of rotation through a boundary condition on the spherical stellar surface. Simulations of force-free magnetospheres have produced important results, such as a proof of existence of a stationary force-free magnetospheric configuration, the calculation of the spin-down luminosity of force-free oblique rotators [17] , and the evolution of the obliquity angle [22] , all in flat spacetime. Recently, there have also been some analytic efforts to understand the emission from an accelerated isolated pulsar in flat spacetime (see e.g. [23, 24] ).
In addition to assuming that pulsars possess dipole magnetic fields, the common assumptions and simplifications in these earlier studies have been the following:
1. The pulsar magnetosphere is well-described by force-free electrodynamics.
2. The back-reaction of the magnetic field onto the interior matter is ignored.
3. Deviations from sphericity of the stellar surface (e.g. due to rapid rotation) are ignored.
4. Curved spacetime effects are ignored.
For determining the pulsar spin-down luminosity, assumption 1 is further justified by new results reported in [25] , where a particle-in-cell simulation of the global pulsar magnetosphere yields a spin-down luminosity consistent with earlier force-free studies [17] . While assumption 2 is likely to break down in a thin layer near the stellar surface [26] [27] [28] , the calculations reported in [29] indicate that the back-reaction of the magnetic field can lead only to small corrections to the spin-down luminosity. To our knowledge the extent to which assumption 3 is correct has never been studied before (likely due to the complexity of imposing boundary conditions on a nonspherical stellar surface). Relaxing assumption 4 has been argued to lead to important effects. For example, [30] pointed out that general relativity (GR) can amplify the induced electric field due the rotation of the star. It has also been argued [31, 32] that frame dragging induces an enhanced electric field which contributes to particle acceleration in the polar cap region. More recently, the vacuum Maxwell equations were solved in the curved spacetime of a slowly rotating NS endowed with a dipole magnetic field [33] . It was shown that GR results in an enhancement in the spin-down luminosity of a pulsar in vacuum up to ∼ 34% (see also [34] ). Furthermore, adopting a GR resistive MHD scheme, it has been reported that the spin-down luminosity from a GR aligned rotator deviates from the corresponding flat spacetime value by ∼ 20% [29] . As noted in [29] this deviation could be due to the adopted resistive MHD scheme, to the way the flat spacetime spin-down luminosity formula is applied when dealing with oblate stars or to GR effects. The origin of the difference could also be due to the inclusion of back-reaction of the magnetic fields onto the thin layer near the NS surface or some combination of all these factors. Finally, force-free simulations of rotating and non-rotating, collapsing neutron stars have recently been performed in [35] . All these earlier studies indicate that GR plays an important role in pulsar magnetospheres.
In this paper we perform the first systematic study of general relativistic effects in the force-free pulsar magnetospheres of aligned rotators. We adopt ideal GRMHD for the NS interior, and model its magnetosphere by adopting general relativistic force-free electrodynamics. Using the numerical method we presented and tested in [36] we match the ideal MHD dense interior to the force-free exterior. We evolve the stars until the systems relax and compute the spin-down luminosity after steadystate has been achieved. As in most previous studies we neglect the back-reaction of the magnetic field onto the matter interior. Consequently, all our results scale with the magnetic field strength (or the dipole magnetic moment).
We split our study into two stages: In the first stage we treat the "slow" rotation limit. In particular we generalize the flat spacetime results for the spin-down luminosity by considering sequences of Tolman-OppenheimerVolkoff (TOV) spherical stars, endowing these stars with a slow, uniform, rotational velocity, and a general relativistic dipole magnetic field [37] . When both T /|W | 1 and M/|W | 1, where T , M and |W | are the kinetic, magnetic and gravitational binding energies, respectively, the stellar structure remains unaffected and nearly spherical. These simulations allow us to isolate and quantify the effects of the compaction on the pulsar spin-down luminosity, as frame dragging is not present. We find that the higher the compaction, the larger the enhancement in the spin-down luminosity when compared to its flat spacetime value. The maximum enhancement reaches ∼ 9.3% near the maximum compaction limit.
In the second stage, we treat the "rapid" rotation limit by constructing self-consistent equilibrium sequences of uniformly rotating, polytropic NSs using the CookShapiro-Teukolsky (CST) code [38, 39] . Endowing these stars with a general relativistic dipole magnetic field (assuming M/|W | 1, hence leaving the nonspherical structure of the rotating star unaffected by the magnetic field) and evolving until relaxation, we find that rotation (frame dragging) increases the enhancement of the spindown luminosity over the corresponding Minkowski value even further. The maximum enhancement for n = 1 polytropes is ∼ 23%. Evolving a rapidly rotating n = 0.5 polytrope we find an even greater enhancement of ∼ 35%. Using our simulation data, we derive fitting formulae for the pulsar spin-down luminosity as a function of the NS compaction, angular speed, and dipole magnetic moment. We argue that general relativistic effects are responsible for the observed enhancement and not the distorted surface of the star by considering the flat spacetime evolution of a highly oblate, magnetized star. We find that the spin-down luminosity in this case is practically the same as for a spherical star. We expect that stiffer equations of state and more rapidly rotating stars should lead to even larger enhancements in the pulsar spin-down luminosity. This paper is organized as follows. In section II we briefly summarize our numerical method for evolving and matching ideal GRMHD to its force-free electrodynamics (GRFFE) limit. We also present the diagnostics we adopt to monitor these systems. A detailed description of our initial data is presented in section III. A set of tests and results are summarized in Section IV, where we also include a resolution study. We conclude in Section V with a summary and a discussion of astrophysical implications. Throughout we adopt geometrized units where G = c = 1.
II. NUMERICAL METHOD
We now briefly describe our numerical technique for matching ideal GRMHD to its force-free limit. A detailed description of this technique was presented and tested employing a robust suite of tests in [36, 40] . We also describe the grid structure of our numerical evolution, as well as the diagnostic quantities used to extract relevant physical information.
A. Ideal MHD-FFE matching
The force-free approximation can be used when the electromagnetic energy density dominates over the matter energy density, as in the magnetospheres of black holes or NSs. Considering that FFE is a limit of ideal MHD, the ideal MHD equations [see e.g. Eqs. (50)- (53) in [36] ] can be used to evolve both a perfectly conducting, dense fluid and an extremely low-density plasma, treating the latter in the force-free approximation. Exploiting this correspondence, we have developed and tested a new numerical scheme for matching dense, ideal MHD stellar interiors to force-free magnetospheric exteriors [36] in GR when the rest-mass density distribution, velocity and the spacetime metric are known (see also [35] for an alternative matching technique). In dense, ideal MHD regions our method simply advects the magnetic field via the magnetic induction equation (the "frozen-in" condition). The interior electric field and the Poynting vector follow from the ideal MHD condition [see e.g. Eq. (A1) in [36] ]. The interior fields at the surface of the star are smoothly matched to their force-free exterior values.
The force-free dynamical variables we adopt are the magnetic field B and the Poynting vector S. In terms of these variables, the force-free constraints * F µν F µν = 0 and F µν F µν > 0 [41] , where F µν is the Faraday tensor, become S · B = 0 and B 4 − S 2 > 0 [36] . The evolution equations for these dynamical variables are written as a set of conservation laws precisely in the same form as the ideal MHD evolution equations [36, 42] , so that the same GRMHD infrastructure can be adopted to solve both the ideal MHD and the FFE equations.
When treating pulsars with sufficiently weak magnetic fields (M/|W | 1) the matter and velocity profiles and the spacetime metric can be determined to high approximation by solving of Einstein equations for a stationary gravitational field in axisymmetry, coupled to the equation of hydrostatic equilibrium. Since in this work we assume that the magnetic fields are weak, the background fluid and metric fields are kept fixed and correspond to stationary, axisymmetric, uniformly rotating neutron stars. We thus only need to evolve the electromagnetic fields in these stationary background matter and gravitational fields.
B. Evolution method
Our force-free formulation is embedded in the Illinois GRMHD adaptive mesh refinement code. This code has been extensively tested and presented in different scenarios involving compact objects and/or electromagnetic fields [43] [44] [45] [46] [47] . The force-free module solves the equations of ideal GRMHD/FFE adopting high-resolution shockcapturing methods. Here we employ PPM reconstruction [48] coupled to the Harten, Lax and van Leer approximate Riemann solver [49] .
To enforce the ∇ · B = 0 constraint, the magnetic induction equation is solved using a vector potential formulation (see [45] for details), coupled to the generalized Lorenz gauge condition we developed in [46] . We choose a damping parameter ξ = 1.5/∆t, where ∆t is the time step of the coarsest refinement level. This condition is designed to damp and propagate away spurious electromagnetic gauge modes. The time integration of all evolution equations is carried out using a fourth-order Runge-Kutta scheme.
To simultaneously follow the evolution both in the near and the far zones of the pulsar magnetosphere we adopt a fixed-mesh refinement grid hierarchy. The computational grid in all our simulations consists of seven levels of refinement. The length of each refinement box is 2.4 R e ×2 7−k , where R e is the coordinate equatorial radius of the NS, and k = 1, · · · , 7 indicates the level number. Here, the highest-resolution level corresponds to k = 7. In a typical simulation the finest level covers the stellar radius by 68 zones. The outer boundary is located approximately twenty NS radii beyond the light cylinder. We set the Courant factor ∆t/∆x = 0.45 for k = 6, 7 and ∆t/∆x = 0.45/2 5−k for k = 1, · · · , 5.
C. Diagnostics
We compute the outgoing Poynting luminosity using both the Newman-Penrose scalar φ 2 and the Poynting vector S [40] ,
In stationary and axisymmetric spacetimes one can define the angular frequency of the magnetic field lines Ω F , which, within the light-cylinder of the pulsar, must equal the angular frequency of the star . Hence, we also monitor Ω F , which is given by [41] :
III. INITIAL DATA
To study the effects of GR on the pulsar spin-down luminosity we split our study into two stages: In the first stage we treat slowly rotating NSs and in the second we consider rapidly rotating stars. Next we describe our initial data.
A. Slowly rotating stars
The hydrodynamic and metric data we adopt for "slowly" rotating NSs are solutions of the Tolman-Oppenheimer-Volkoff (TOV) equations; see e.g. [1] . Assuming that the star is rotating very slowly (T /|W | 1), deviations from these spherical solutions are small and of order O(Ω 2 ). To model the stellar rotation we endow these spherical stars with a uniform angular velocity field, in the same spirit as studies of pulsar magnetospheres in flat spacetime. Thus, our "slowly" rotating pulsar study is the GR generalization of spherical pulsar magnetospheres in Minkowski spacetime.
For a given angular speed and dipole magnetic moment, our simulations of magnetospheres depend solely on the compaction C ≡ M/R of the slowly-rotating spherical star, where M is the gravitational (ADM) mass of the star and R its areal radius. In other words, for a given C we can use any equation of state to determine the interior metric and hydrodynamic fields and obtain the same spin-down luminosity. This is expected because a) in GR, the spacetime outside a spherical star of compaction C is the same, independent of the interior metric and structure, b) the stars are slowly rotating so that the light-cylinder radius is much larger than the stellar radius, and its boundary lies in the flat spacetime regime, and c) the magnetosphere within the light-cylinder corotates with the star, preserving its dipole magnetic field structure. Using n = 0.5 and n = 1 polytropic TOV models, we have confirmed our expectation that the calculated spin-down luminosity is independent of the interior model for the NS, and depends only on the value of C. Thus, we adopt a sequence of (analytic) incompressible TOV stars (see e.g. [1] ) which allow us to easily sample the allowed range of stellar compactions for TOV stars C. Table I summarizes the parameters of the sequence of incompressible stars we consider in this study. Note that, as the compaction of the star increases toward the maximum value 4/9(= 0.444), the central pressure and metric begin to blow up, and when C = 4/9 the spacetime becomes singular [1] .
TABLE I. Properties of TOV stars. We list the compaction of the star C = M/R, the redshift Zp of a photon emitted at the pole and measured by a static observer at infinity, and the spin-down luminosity L, in units of the spin-down luminosity of a force-free aligned rotator in flat spacetime Following [36] , we endow these stars with a uniform angular velocity
where Ω is the angular velocity measured at infinity. Deviations from strict hydrostatic equilibrium for these configurations are small since M/|W | 1 and T /|W | 1. Adopting TOV solutions allows us to isolate and quantify the effects of the compaction on the pulsar spin-down luminosity, as frame dragging is not accounted for in the metric.
We choose the angular velocity such that the expected location of the light cylinder radius R LC = 1/Ω is ten NS radii from the NS center. As the inner magnetosphere (r ⊥ = r sin θ ≤ R LC ) corotates with the star, the angular velocity of the magnetic field lines Ω F must equal Ω in this region. As a result the light cylinder in GR can be computed by finding the locus of points where the speed of the magnetosphere, as measured, say, by a normal observer, equals the speed of light. It is thus the cylindrical surface on which the Lorentz factor Γ = −n α u α blows up, where n α is the unit timelike vector normal to t =const. slices and u α the four-velocity corresponding to v φ . The condition Γ → ∞ gives
where γ ij , α and β i are the spatial metric, lapse function and shift vector, respectively, defined through the 3+1 decomposition of the spacetime metric
As our spacetimes are asymptotically flat, at large distance R r, we have α → 1, β i → 0, and γ ij → δ ij , and Eq. (4) reduces to the well-known flat spacetime result R LC = 1/Ω for the light-cylinder radius.
Choosing the angular velocity such that R LC = 10 R makes the computations tractable and is roughly consistent with our approximation of slow rotation for the majority of the models we consider here. The ratio of the centrifugal to the gravitational acceleration at the equator is
For TOV stars with C 0.15, T /|W | 6%, hence most of our stars, and especially the very high compaction ones, are slowly rotating. While the lower compaction stars are not so slowly rotating, the rotation rate is sufficiently slow that the light-cylinder radius is in the asymptotically flat regime, and our slow-rotation study is simply meant to serve as a generalization to the flat spacetime results.
B. Rapidly rotating stars
The hydrodynamic and metric data for our rapidly rotating compact stars correspond to equilibrium models of uniformly rotating relativistic NSs generated by the Cook-Shapiro-Teukolsky (CST) code [38, 39] . We adopt a polytropic equation of state
where P is the pressure, ρ 0 the rest-mass density, and K and n are the polytropic constant and index, respectively. We perform our calculations of rapidly rotating stars in polytropic units, employing dimensionless quantities as in [38, 39] 
where M is the mass, x i are the spatial coordinates, t is the time coordinate, and µ the dipole magnetic moment. Our calculations scale with K, which can be set equal to unity in our code.
We construct constantΩ sequences with polytropic index n = 1. Table II summarizes the main parameters of the rotating NS models we consider here. Each constant Ω sequence consists of models that range from the massshedding limit to the maximum compaction configuration for the givenΩ. Models at the mass-shedding limit are highly oblate, whereas the deviation from sphericity of models near maximum compaction is small. We also consider the "supramassive" NS limit for n = 1 [39] , and a rapidly rotating n = 0.5 model. A supramassive NS is the maximum mass NS configuration for a given equation of state when allowing for uniform rotation. For n = 1 such a configuration exceeds the maximum mass of a nonrotating star by 20%.
C. Electromagnetic fields
Flat spacetime studies of pulsar magnetospheres initialize the exterior NS magnetic field to a dipole magnetic field that is a solution of the vacuum Maxwell equations. Similarly, we assume that our GR stars possess an exterior dipole magnetic field that at t = 0 is a solution to the vacuum Maxwell equations in Schwarzschild spacetime. The corresponding toroidal vector potential in Schwarzschild coordinates is given by [37] :
where µ is the dipole magnetic moment and M is the gravitational mass of the NS. We use Eq. (10) to generate the B-field, both in the interior and exterior of the star. Our chosen A φ is the GR generalization of the A-field used in flat spacetime studies of pulsar magnetospheres.
Strictly speaking, this generalization is an equilibrium solution only for our spherical stars, because a pure dipole in the vacuum spacetime outside a rapidly rotating NS is not given by Eq. (10) . Given that we know of no analytic equilibrium solution for a dipole magnetic field in the vacuum spacetime of a rapidly rotating NS we use Eq. (10) to generate the exterior magnetic field in our rapidly rotating models as well.
We set the initial electric field according to the ideal MHD condition [see Eq. (A1) in [36] ]. To guarantee continuity of the electric field across the surface of the star, we set the initial velocity u i to be zero in the exterior except for the perpendicular component to the B-field, which we choose to fall-off as 1/r 2 from its value at the stellar surface. The initial Poynting vector is calculated using
where T µν EM is the electromagnetic stress-energy tensor [see e.g. Eq. (15) in [36] ].
IV. RESULTS
In this section we first present a series of additional new tests we performed to check our code, and then we summarize the results from our numerical simulations of the aligned rotator models summarized in Tabs. I and II.
A. Tests and calibration
In [36] we tested our code and GRMHD-FFE matching technique using a suite of robust tests both in flat spacetime and 3D black hole spacetimes. We also reproduced the well-known flat spacetime, aligned rotator solution. To test the robustness of our code even further, and to calibrate our curved spacetime solutions, we performed the following three new tests: i) evolution of a TOV star endowed with a general relativistic dipole magnetic field and no rotation, ii) test of corotation of the inner magnetosphere for a highly compact, slowly rotating TOV star, and iii) evolution of a highly oblate star in flat spacetime.
TOV star
A straightforward calculation shows that the solution of the vacuum Maxwell equations given in Eq. (10) satisfies the three force-free conditions F µν J ν = 0, * F µν F µν = 0 and F µν F µν > 0. As a result Eq. (10) is also a solution to the general relativistic force-free electrodynamic equations. Consequently, the GRMHD-FFE evolution of a nonrotating TOV star endowed with a dipole magnetic field generated by the vector potential (10) must preserve the initial magnetic field. We have TABLE II. Properties of uniformly rotating stars. We list the angular velocity at infinityΩ, the period in milliseconds, M Ω, where M is the ADM mass, the compaction C = M/R, where R is the equatorial circumferential radius, the ratio of the kinetic to the gravitational binding energy T /|W |, the polar redshift Zp, the eccentricity e = (1 − Rp/Re) 1/2 , where Rp and Re are the proper equatorial and polar radii, and the pulsar spin-down luminosity L in units of its flat spacetime value L0 = 1.02 a To assign physical units we choose the polytropic constant K such that the supramassive limit mass for a given index n equals the supramassive limit mass of the Akmal -PandaripandheRavenhall equation of state [50] , which is 2.46M [28] . b n=1.0 c n=0. 5 confirmed that this is indeed the case for a star with compaction C = 0.174. We evolved both the interior and exterior solutions using our code and GRMHD-FFE matching technique and found that the initial solution is preserved. In Fig. 1 we plot the poloidal magnetic fields at t/M = 0 and t/M = 442, which corresponds to 2/3 of an Alfvén crossing time across the computational domain, and demonstrate that the two fields overlap as expected.
Corotation of inner magnetosphere
In all of our evolutions we monitor the angular frequency of the magnetic field lines Ω F computed via Eq. 2. To demonstrate that the inner magnetosphere corotates with the star, even for highly curved spacetimes, we show here the level of corotation our code achieves for a TOV star with compaction C = 0.33 (see Tab. I). Figure 2 plots Ω F on the x − z plane as a function of the polar angle θ at r = 0.2 R LC and r = 0.5 R LC at two different resolutions covering the stellar radius by 68 and 130 zones, respectively. Here r is the coordinate radius. It is clear that the magnetosphere corotates with the star even for such high compactions. Notice also that the higher the resolution the higher the degree of corotation, as expected from earlier results we reported in flat spacetime [36] . Similar levels of corotation are achieved for all models we consider here.
Evolution of an oblate star in flat spacetime
To quantify the effects of the shape of the stellar surface on the structure of the magnetosphere and the spindown luminosity we evolve a highly oblate neutron star with eccentricity e = (1 − R p /R e ) 1/2 = 0.799, where R p (R e ) is the proper polar (equatorial) radius, that corresponds to the shape and spin of the equilibrium model near the mass-shedding limit of the sequenceΩ = 0.20 (see Tab. II). However, we assume a flat spacetime and endow the star with a flat spacetime dipole magnetic field.
The system is evolved until magnetic field relaxation, which occurs after approximately three rotation periods. The relaxed state has the same features as the pulsar magnetosphere of a spherical star, i.e., an inner closed magnetosphere which corotates with the star, an equatorial current sheet, and a Y -point at the location of the light cylinder, beyond which the field lines open. Figure 3 displays the poloidal magnetic field lines at t ≈ 6π/Ω demonstrating the above features. We find that Ω F is equal to Ω at the same level of accuracy as reported in Sec. IV A 2. We find that the pulsar spin-down luminosity is L ≈ 1.01 L 0 . Here L 0 is the luminosity we calculate for an independent, highresolution simulation of a rotating spherical star in flat spacetime,
where B 12 = B/10 12 G, R 10 = R/10km and P ms = P/1ms. Our Eq. (12) is consistent with the value L = (1 ± 0.05) µ
2 Ω 4 reported in [17] . We conclude that for the same Ω and µ the outgoing Poynting luminosity for an aligned rotator in flat spacetime is essentially independent of the shape of the stellar surface. Notice that this result is not too surprising, since the magnetic field, both in the interior and the exterior inner magnetosphere, corotates with the star, preserving the location of the light cylinder radius beyond which the field lines open and contribute to the outgoing Poynting flux. Therefore, the shape of the stellar surface should not matter and the results should be the same as if the star were a sphere.
This test helps us conclude that deviations from the flat spacetime spin-down luminosity in GR are likely not due to the distorted surface of the star, and motivates our looking elsewhere for GR corrections to the pulsar spindown luminosity. This is what we do in the following sections.
B. Slowly rotating sequence
We evolved the sequence of TOV stars presented in Table I until relaxation. We find that the global structure of the magnetosphere has the same features as in flat spacetime (see e.g. Fig. 3 ) with the main difference being that the light-cylinder radius is now more consistent with Eq. (4), rather than the flat spacetime value given by R LC = 1/Ω.
Normalizing the pulsar spin-down luminosity to L 0 = 1.02µ
2 Ω 4 , we find that GR effects enhance the outgoing Poynting luminosity over L 0 . We list the values of L/L 0 for all cases in the last column of Tab. I, and plot L/L 0 vs C = M/R, where M is the ADM mass and R the areal radius of the star, and vs the redshift Z p from the stellar surface as measured by static observer at infinity in Fig. 4 . As expected, models near the flat spacetime regime (C → 0) give rise only to a small enhancement of the pulsar spin-down luminosity over L 0 . However, the enhancement increases monotonically with C, reaching a plateau for C 0.35. For the maximum compaction model we have considered, the resulting enhancement is approximately 9.3%. As our C ≈ 0.4 model is close to the maximum compaction limit for TOV stars (C max = 4/9), we do not expect any further enhancement beyond C ≈ 0.4. (14)- (17) . The parameter space for rotating stars is contained between the left dashed line (the mass-shedding limit) and the right dashed line (maximum compaction). The top point (triangle) corresponds to the supramassive neutron star limit for n = 1. The lower shaded zone is the area of the parameter space that cannot be reached, unless we assume flat spacetime.
For the TOV sequence we investigated several fitting functions of the form:
for a given Ω and µ, and found that the following fourthorder polynomial provides an excellent fit to the results of our simulations:
The right panel in Fig. 4 shows the above fit, where C is implicitly related to Z p by
C. Rapidly rotating neutron stars
We evolved the rapidly rotating neutron star models listed in Tab. II until relaxation. The global structure of the magnetosphere in all cases is similar to the flat spacetime one as expected. Figure 5 displays the relaxed poloidal magnetic field lines on the x − z plane for the ultra stiff, highly distorted n = 0.5 neutron star model (see Table II Normalizing the pulsar spin-down luminosity L by L 0 we find that accounting for the stellar rotation selfconsistently results in a greater enhancement of L over L 0 than the values found in the previous section. The higher the compaction of the star and the more rapidly the star rotates, the larger the enhancement. The maximum enhancement in L for each of theΩ = 0.10, 0.15, 0.20 sequences is approximately 13%, 15% and 17%, respectively. The maximum enhancement for n = 1 polytropes we found here is set by the supramassive limit and is 23%. However, changing the stiffness of the equation of state we can achieve greater enhancements. The enhancement in the spin-down luminosity over L 0 for the n = 0.5 model with angular velocityΩ = 0.59 is 35%. Therefore, we expect stiffer equations of state and more rapidly rotating neutron stars to lead to even larger enhancements. We list the values of L/L 0 for all cases in the last column of Tab. II, and plot L/L 0 vs C and vs Z p in Fig. 4 for our n = 1 cases.
For the spin-down luminosity in the n = 1 rapidly rotating cases we investigated fitting functions of the form
We find that the following function provides an excellent fit to the simulation data. Here C(Z p ) is an "effective" compaction function defined as in Eq. (15), Equation (17) has been chosen such that as Z p → 0, G(Z p ,Ω) → 1, thereby recovering the flat spacetime result L = L 0 . Moreover, we considered only even powers inΩ because the resulting spin-down luminosity must not depend on whether the dipole magnetic moment is aligned or anti-aligned with the orbital angular momentum of the star.
D. Resolution study and error bars
Convergence tests of our GRFFE code and our GRMHD-GRFFE matching method in black hole spacetimes and in black hole-neutron star binaries have already been presented in [36, 40] . Here we perform a convergence test of corotation of the near-zone magnetosphere using our calculations of the supramassive n = 1 NS.
We compute the convergence factor c F defined as
at two different resolutions ∆ 1 > ∆ 2 , where we define u = 1−Ω F /Ω at r/R LC = 0.5, and designates the L 2 -norm. Using three different resolutions: the low, medium and high covering the stellar radius by 56, 68 and 85 zones, respectively, we found that the convergence factor is c F = 1.479, when high and medium resolutions are used, and c F = 2.127, when high and low resolutions are used. These results imply that our code is 1.8-order accurate on average, where the order of convergence p is determined by solving c
where L high (L low ) is the spin-down luminosity in the high (low) resolution. As we have found our results to be convergent we place an error bar on our high-resolution simulations of order 2%. This implies that the deviations from the flat spacetime luminosity we reported in the previous section are real and not due to numerical error.
V. CONCLUSIONS
Magnetized neutron stars possess a force-free magnetosphere. Pulsar magnetospheres have been studied numerically over the last two decades. However, all of these early force-free studies were carried out in flat spacetime. It has been suggested that general relativistic effects may become important but due mainly to frame dragging [31, 32] .
Using the new method we recently developed for matching general relativistic ideal MHD to its corresponding force-free limit, we have performed the first systematic study of aligned rotator force-free magnetospheres in GR. We constructed equilibrium sequences of "slowly" and rapidly rotating NSs. The former are modeled as incompressible TOV stars covering almost the entire allowed range of compaction. The latter are constant Ω sequences of uniformly, rapidly rotating, GR, polytropic stars generated by the CST code, and ranging from the mass-shedding limit to the maximum compaction configuration for a given stellar angular frequency Ω. We endowed these stars with a weak GR dipole magnetic field and evolved the fields to relaxation. Some of our rapidly rotating NS models (those close to the mass-shedding limit) are highly distorted (see Table  II ). To ensure that any deviations from the flat spacetime spin-down luminosity are due to strong field effects and not to the distorted surface of the stars, we evolved a highly oblate star (with eccentricity e = 0.799) in flat spacetime, and found that the outgoing Poynting luminosity is independent of the shape of the stellar surface, i.e., the resulting spin-down luminosity is approximately the same as if the star were a sphere spinning with the same angular frequency and endowed with the same magnetic field.
Normalizing the spin-down luminosity L to its corresponding Minkowski value L 0 , we find that GR effects give rise to a modest enhancement. As both the compaction and the stellar angular frequency increase, the enhancement becomes more pronounced. In the "slow" rotation limit, where we isolate the effects of compaction, the maximum enhancement is ∼ 9.3%, independent of the equation of state. However, for rapidly rotating stars, where frame dragging is also important, the maximum enhancement for n = 1 polytropes is ∼ 23%, and for a rapidly rotating n = 0.5 polytrope we find an enhancement of ∼ 35%. We expect stiffer equations of state and more rapidly neutron rotating stars to lead to even larger enhancements in the spin-down luminosity. For the cases we studied here we provided fitting functions for the general relativistic spin-down luminosity of the form L = G(Z p , Ω)L 0 , where Z p is the gravitational redshift of light emitted from the NS pole as measured by a static observer at infinity.
Should future gravitational wave observations prove able to constrain the nuclear equation of state (see e.g. [51] [52] [53] and references therein), our study of pulsar magnetospheres and similar future studies can constrain the NS magnetic field strength and geometry as follows: Pulsars in detached, mildly relativistic binaries allow for a determination of the pulsar mass, the angular frequency of rotation, and the spin-down rate. If the nuclear equation of state is known then the compaction of the NS follows from the mass-radius relationship. As the spindown luminosity depends on the compaction, the angular speed, and the magnetic field, then from the observations we can constrain the magnetic field, given that all the other parameters are in principle measurable or can be inferred.
